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Tether Length Response

1400.00 q

E
u

£1

cn

800.00 -_

600.00 -_

200.00 -_

/Prototype Response

Simulation Response

0.00 4000.00 8000.00 12000.00
Time, sec

Fig. 4 Length response vs time for a 12-m deployment using the
trajectory method.

results for the differencing method, while Fig. 4 shows the tra-
jectory method results. Both methods produce tether length
profiles comparable to simulation results. Maximum deployed
length errors in both tests were approximately 8% for the tra-
jectory method and less than 0.8% for the differencing
method. Although the magnitude of either length error might
be considered acceptable, the differencing method is clearly
superior.

Conclusions
The results reported here indicate that the prototype reel

mechanism performs satisfactorily compared to simulations.
The demonstrated deployment and retrieval rates also appear
adequate for a space-based system. Additionally, length errors
were within acceptable limits and the yo-yo damping scheme
has been shown successful.
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Estimating Damping in
Higher Order Dynamic Systems
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Introduction

T HOSE whose activities in engineering practice bring them
into contact with dynamic systems are often concerned

with determining the amount of damping present in a particu-
lar system. A common example is that of the control systems
engineer tuning the forward path gain of a feedback control
loop to optimize the transient response of one or more vari-
ables in the loop. Another is the experimental determination
of modal damping coefficients of flexible systems. Existing
experimental methods for obtaining quantitative damping
data are lengthy and often require the introduction of unac-
ceptable disturbances into the system.

This Note shows how finding just two points on a Bode
diagram phase angle curve can, with remarkable accuracy,
pinpoint the damping ratio of any system characterized by a
dominant pair of complex poles. The experimental equipment
required consists of a signal generator, a dual channel oscillo-
scope, and suitable transducers and other interface instrumen-
tation. The procedure is straightforward and requires a mini-
mum of supporting analysis.

Systems containing static and dynamic nonlinearities exhibit
an approximate linear response when excited by small ampli-
tude disturbances.1 This allows such systems to be tested ac-
cording to the method and their damping characteristics speci-
fied in approximate terms as a linear damping ratio, thus
extending the utility of the method to many real systems.

Second-Order System
The frequency response of a second-order system is highly

dependent on its damping ratio.2 The classical family of Bode
magnitude and phase curves depicted in any standard text on
vibrations, dynarnic systems, or control theory illustrates this
dependency. It is seen that the slope of the phase curve at the
point (GJW , - 90 deg) varies over a wide range from the critically
damped ({"= 1) to the undamped (f=0). We know that the
slope of a first-order system phase curve at the natural
frequency un is — 66 deg/decade,3 giving twice that value,
or - 132 deg/decade, for a critically damped second-order
system at the undamped natural frequency. This slope be-
comes increasipgly negative as damping is reduced, approach-
ing infinity as all damping vanishes. The slope is thus seen
to be a sensitive indicator of the amount of damping present,
and a quantitative correlation of the slope with the damping
ratio will allow the estimation of damping in real systems,
both second order and those with a single pair of dominant
complex poles.

Phase Angle Slope
The generalized second-order system transfer function

transforms to the frequency transfer function

(1)

(2)
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for which the phase angle is

Im(G(/co))
i = tan"1 —7———^ = tan"

It is noted here that at co^co^, i.e., resonance,

</> = ^G( /co w )= -90deg

(3)

(4)

and it is at this precise point where we wish to find the slope
of the phase angle curve. To simplify the system, we normalize
the frequency by letting co^w/co,, and differentiate the result
with respect to frequency. This produces

-2f(co2+l)
doo (5)

the slope of the phase angle curve as a function of the normal-
ized frequency. To find this slope at the undamped natural
frequency o>w in units of radians per radian per second, let d) = 1
in Eq. (5), giving the phase curve slope

1

so at a? = co/7

d?
d</> dco
eta d/

dco

fa fan

(6)

(7)

where/is the frequency in hertz. The slope of the phase curve
at the undamped natural frequency when plotted on the
semilogarithmic Bode diagram may be found by making the
transformation co* = logco. Then,

do)*
dco MO

do;*
d0 do;
dco doj* do;

which, when evaluated at oj = co/7, is

d(/> MO 2.304
do;* r r rad/decade

(8)

(9)

(10)

Equation (10) gives the number of radians change in the tan-
gent for a unit change in co*, i.e., over one cycle (or decade) of
the logarithmic scale. Converting from radians to degrees,

2.304 180 deg
——— x TT rad

or its equivalent in the Bode plot phase angle diagram:

d0 132 deg
eta* decade

(11)

(12)

Equation (12) constitutes a useful rule as an aid in sketching
the frequency response Bode diagram of an underdamped sec-
ond-order system.

Feedback Control Example
Consider the case of the unity feedback system with transfer

function

6800K
s5 + 48s4 + 792s3 + 4800s2 + 6800s (13)

This system is overdamped for low values of the gain K, crit-
ically damped at K ~ 0.4, and underdamped at higher values of
K. This is evident from the root-locus diagram of Fig. 1.

- 2
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o

Fig. 1 Root locus of fifth-order system.

Table 1

/, Hz
0.272
0.250

Fifth-order system phase angle data

co, rad/s
1.708
1.571

0, rad
- 1.569
- 1.309

0, deg
-90.0
-75.0

Suppose we wish to estimate the damping associated with
the dominant poles of the closed-loop system at K = 2. The
following procedure is suggested.4

1) With the system operating in the steady state with a con-
stant reference input signal, add a small amplitude sinusoidal
input from a harmonic signal generator at a frequency esti-
mated to be in the neighborhood of the dominant natural
frequency. (An operational summing amplifier is often used
for this purpose.)

2) While observing both the input and output signal on an
oscilloscope or pen recorder, adjust the frequency until an
output signal phase lag of 90 deg with respect to the input is
observed. The amplitude of the input should be no larger than
is necessary to permit the observation of a pair of signals
reasonable free of noise. Carefully determine and record the
exact phase angle. (A digital storage oscilloscope is an excellent
instrument for capturing low-frequency signals, such as might
be seen in the test of a process control system.) Next, observe
and record the frequency (this is the natural frequency/,,).

3) Slowly decrease the frequency until a measurable change
in phase angle is observed. Record both the frequency and
phase angle.

4) Divide the phase increase by the frequency decrease. This
is (the negative of) the approximate slope of the phase angle at
the undamped natural frequency, in degrees per hertz. Then
multiply this slope by the natural frequency 2irfn. When the
product is divided into 360 deg, the result, as seen in Eq. (9),
is numerically equal to the damping ratio.

For the fifth-order example system, the results of the test
just described are summarized in Table 1.

Using the rule of Eq. (9), the damping ratio for this system
is determined to be

-360

-360
[(75 - 90)7(0.272 - 0.250)](1.708)

= 0.307 (14)

A coarse estimate of the damping ratio may also be obtained
from the root-locus diagram. Since

= COS0 = COS tan"
Re[G(yw)]|

(15)

By estimating the magnitudes of the real and imaginary parts
from Fig. 1, we obtain

•= cos I tan'1 — I -0.28 (16)
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The exact roots of the closed-loop characteristic at K = 2 are
at s= -12.2, s = -0.546±j 1.804, and s = - 17.35±y3.550,
and the dominant pair yields the exact damping ratio of 0.282.
The small error in the method, primarily attributable to the
influence of other modes, may be somewhat reduced by using
both forward and backward perturbations around the natural
frequency.

The secondary damping contributed by the other pair of
complex poles may sometimes be found by a similar proce-
dure, provided that the mode is well separated from all other
modes and that the higher frequency signals are sufficiently
large to be measurable without noise interference or overly
sophisticated instrumentation systems. In this particular exam-
ple, the real pole at s = — 12.2 contributes significant change in
phase angle in the spectral region dominated by the other
complex poles, thus causing the method to fail.

Conclusions
A simple method for estimating the damping that is present

in systems dominated by a single pair of complex conjugate
poles has been illustrated. The method constitutes an addition
to the tool kit of the dynamic systems experimentalist by
providing a relatively straightforward means for the quantita-
tive determination of damping by measurement.
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Use of the Work-Energy
Rate Principle for Designing

Feedback Control Laws

used2 6 in the application of the Lyapunov stability theorem.
The time derivative of the Lyapunov function is obtained by
substituting the system equations to eliminate acceleration
terms. This process is often tedious and involves integration by
parts for distributed parameter systems such as flexible space-
craft. If the time derivative of the Lyapunov function can be
obtained without substituting the equations of motion, then
the control design efforts will be reduced drastically. This is
the motivation behind this Note. The expression for the rate of
change of system energy is formulated using the Virtual Work
Principle,7'8 and two examples are given to show the power of
this method.

Work-Energy Rate Principle
When the system is composed of N particles, it is configured

by N physical position vectors x/< measured relative to an iner-
tial frame or n(n <37V) generalized coordinates q,-. The coor-
dinate transformations between the physical and the general-
ized coordinates are given by

(k = l,2,...,

and their time derivatives are related by

dxk

(1)

(2)

The forces exerted on the kih particle can be grouped as the
applied force Fk and the constraint force Rk. When the con-
straints are workless, the Virtual Work Principle is stated as

(Fk-mkxk)Tdxk = 0 (3)

where dxk indicates the ki\\ virtual displacement vector. Using
the generalized virtual displacement identity and generalized
force definition

(4)

(5)
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Introduction

I T is often felt that control designers do not exploit the
principles of analytical dynamics in designing feedback

control laws for physical systems. It is shown here that for a
class of physical systems, feedback control laws are naturally
obtained from the system dynamics by using the Work-Energy
Rate Principle. It will be seen that the method applies to a wide
variety of linear/nonlinear and discrete/continuous systems.

One of the powerful methods of designing feedback control
laws for nonlinear systems is based on Lyapunov's second
stability theorem.1 Energy-type quadratic functions are usually

Eq. (3) can be rewritten as
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(6)

For the general case, suppose that the system has m nonholo-
nomic constraints given as

then by using Lagrange multipliers Ay, Eq. (6) can be written
as

Q, + \jttji - m.xf Sq, = 0 (7)-

and we get

x

mkxl ~ = Q, + £ V>; (i = 1,2,. . . . n) (8)


